Abstract. Motivated by the reservoir engineering concept of the well Productivity Index (PI) we study a time dependent functional for general non-linear Forchheimer equation. The PI of the well characterizes the well capacity with respect to drainage area of the well. Unlike the linear case for which this concept is well developed, there are only a few recent publications dedicated to the PI for nonlinear case. In this paper the PI is comprehensively studied both theoretically and numerically. The impact of the nonlinearity of the flow filtration on the value of the PI is analyzed. Exact formula for the so called "skin factor" in radial case is derived depending on the rate of the flow, the order of nonlinearity and the geometric parameters. Dynamics of the PI for the class of boundary conditions is studied and its convergence to the specific value of steady state PI was justified. Developed framework is applied to obtain non-linear analog of Peaceman formula for the well-block pressure in unstructured grid. Numerical simulations sustain theoretical results.
Introduction
Many physical and engineering characteristics of the flows in porous media can be considered as the particular mathematical entities, which in its turn allows their accurate evaluation and analysis. In this paper we will study the well productivity index (PI) as a functional defined on the solutions of differential equations modeling non-linear flows. Petroleum engineers define the PI as "a mathematical means of expressing the ability of a reservoir to deliver fluids to the wellbore. The PI is usually stated as the volume delivered per psi of drawdown at the sandface"
(Schlumberger online dictionary, [27] ). Analytically this relation can be expressed as (see [11, 26] ) J = Total flux of the flow over well surface Average pressure in the reservoir -Average pressure on the well .
For a long time it was empirically observed by engineers that in case when the total flux Q through the well-boundary is prescribed, the PI of the well stabilizes in time to a specific constant value regardless of initial pressure distribution [21, 25] . This value is Q-independent for linear Darcy flows (see [7] ). However, for numerous field data the PI actually does depend on Q exhibiting non-Darcy phenomena, [11] .
Non-Darcy law is often associated with high-rate production wells when the flow converging to the wellbore reaches velocities exceeding the Reynolds number for laminar flow, and results in turbulence (see [9, 21] ). Dupuit and Forchheimer proposed to generalize the flow equation at large Reynolds numbers [15] . Forchheimer 1 Psi is unit of pressure, pound-force per square inch. Drawdown is defined as "the difference between the average reservoir pressure and the flowing bottomhole pressure". Sandface is defined as "the physical interface between the formation and the wellbore". equations are widely used by engineers to account the nonlinearity of the flow in porous media and to match the field data.
The main purpose of this paper is theoretically and numerically modeling the PI of the well for the flows governed by generalized Forchheimer equations.
Traditional approach to the PI evaluation uses semi-analytical solution of transient problem and as a rule restricts the class of geometry of the well-reservoir system (see [10] and references therein). Corresponding methods are not suitable for application to non-linear flows. This brings up the necessity in developing a technique for the PI evaluation in non-linear models and for its comparison with Darcy PI 2 . The framework proposed in this paper provides accurate numerical and analytical tools for the PI calculation in case of general Forchheimer flows. The techniques herein developed enable explicitly quantify the deviation of the Forchheimer PI from the Darcy one.
As it was mentioned above, one of the most important properties of the PI is its stabilization to a constant value in a long time dynamics regardless of initial condition [21, 25] . The time-invariant PI is a characteristic of the two production regimes. The regime of production controlled by total flux on the well with constant PI is called pseudo-steady state (PSS) regime; the regime of production controlled by wellbore pressure with constant PI is called boundary dominated (BD) regime, [25] . For non-linear Forchheimer flows the properties of BD and PSS regimes are different. In case of prescribed well-pressure the difference between Darcy and Forchheimer PI vanishes in long-time asymptote. However, in case of prescribed constant total flux the value of the Forchheimer PI deviates from the Darcy PI for all time, and converges to different values depending on the production rate Q. In this paper we investigate in detail the steady state and transient problems for given total flux on the well-boundary. We obtain some estimates for long-term dynamics of the transient Forchheimer PI and analyze the dependence of PSS PI on the flux Q.
Under the assumptions that the fluid is slightly compressible and the flow is subjected to linear Darcy law, PI of the well can be formulated in terms of solution of linear parabolic equation (see [18] ). Forchheimer flows in porous media can be effectively modeled by the non-linear degenerate parabolic equation of second order, and we will investigate the PI in terms of solution of this equation.
The described approach was introduced in our previous papers [2, 7, 18] . However, in [18] we covered the linear case only, and in [7] we worked with the two-term Forchheimer law under the constraint that the pressure gradient is bounded. In [2] we dropped these constraints and built a mathematical framework for generalized Forchheimer flows, but we did not investigate important applied problems. In this paper we will focus on the theoretical and numerical analysis of the PI and its applications to engineering problems.
The well productivity index is used not only for the analysis of the field data but is also applied for interpretation of the well-block pressures in numerical reservoir simulations. Namely, in big reservoir simulators the size of grid block containing a well is incomparably larger than the dimensions of the well and the PI is used to reconstruct the actual well-pressure. In [23] Peaceman obtained the relationship between well-block and flowing bottom-hole pressures for Cartesian grid and for finite-difference method in case of Darcy law. Ewing et al. in [14] presented the analogue of Peaceman formula using analytical solution for radial flow for two-terms law. In this paper we apply the developed framework to obtain the formula for the flowing pressure around the well bore, and to evaluate the productivity index of the well by solving an auxiliary problem with reduced degrees of freedom for the general Forchheimer equation.
The paper is organized as follows. In Sec. II we introduce the generalized Forchheimer law for slightly compressible fluids and the associated IBVP with prescribed total flux on the well boundary. Next we review some of our previous results from [2, 17] which are used throughout this paper. In Sec. III the Diffusive Capacity is defined as the generalization of notion of well Productivity Index. The Diffusive Capacity is studied as a functional over the solution of degenerate parabolic equation of second order. Further, the PSS regime of filtration is defined. Existence and uniqueness of PSS solution are proven. The section ends with the theorem on long-term dynamics and convergence of transient diffusive capacity to the corresponding PSS value. In Sec. IV the properties of PSS PI are analyzed. Namely, the dependence of the Productivity index on the production rate Q and on the order of nonlinearity of Forchheimer law is studied. As an application, in Subsec. 3.3 we derive for radial case an explicit engineering formula for the so called "skin factor" depending on the flux Q, the reservoir geometry, and the parameters of Forchheimer polynomial. In the last two sections numerical results are presented. In Sec. V we describe the method for computation of Forchheimer PSS PI using the Peaceman's approach. In Sec. VI the values of PI for different geometries and orders of nonlinearities are computed. Numerical results sustain the convergence of time-dependent PI to corresponding PSS value.
The authors are thankful to Dr. Luan Hoang for his valuable discussions, suggestions and recommendations.
Formulation of the Problem, and Preliminary Results
In this section we will bring in the formulation of the problem and some preliminary results on the generalized Forchheimer equations obtained in our previous works [2, 17] .
According to the Darcy law for laminar flow in porous media, the velocity vector u(x, t) and the pressure gradient ∇p(x, t) are related linearly:
where µ is a viscosity of the fluid and k is the permeability of the porous media. For slightly compressible fluid equation of state takes the form
where ρ(p) and 1/κ are the density and the compressibility of the fluid, respectively, and ρ 0 , p 0 are some reference density and pressure. Finally, the continuity equation can be written in the form
The original PDE system (1)-(3) can be reduced to a scalar linear second order parabolic equation for the pressure only. Namely, substituting (1) and (2) in (3) one gets
For slightly compressible fluids the value of the compressibility 1/κ is of the order of 10 −8 , so the last term in (4) is neglected in many applications, and we get
) .
There are different approaches to model non-Darcy Forchheimer flows (see [2] ). Following our previous work [2] we consider two equivalent forms for the non-linear g-Forchheimer equation, where the function g(s) ≥ 0 for s ≥ 0. Namely, we consider equations (6) g(|u|)u = −∇p; and
Then, as in the linear case, using (7) instead of (1), we will get the degenerate parabolic equation
where all constants have been included in the non-linear term K(|∇p|), that together with p, x and t is now a non-dimensional parameter (for details see [2] ). We restrict our study of g-Forchheimer equations to the case when function g(s) is so called GPPC (Generalized Polynomial with Positive Coefficients). We will also use a notation
Definition 2.1. We say that a function g(s) is a GPPC if
Here we state some of the properties of K(ξ) obtained in [2] and [17] that will be used further:
1. (See [2] , Lemma III.5.) K(ξ) is decreasing and
Then for any functions
where
Then, there exist constants C 1 and C 2 such that
the following Weighted Poincaré inequality holds
Clearly, for n = 2 constraint (18) holds for any degree α k . For n = 3 it holds for α k ≤ 4. In our application U ⊂ R n , n ≥ 2, is the reservoir domain with C 1 boundary ∂U = Γ e ∪ Γ i , where Γ e is the exterior impermeable boundary of the reservoir, and Γ i is the interior boundary of the well. We will study the initial boundary value problem (IBVP-S) with total flux boundary condition imposed on the well-bore Γ i and additional constraint on the trace of the solution on Γ i .
Definition 2.2. (IBVP-S) The function p(x, t) is a solution of the IBVP-S if it satisfies:
with additional restriction on the trace of the solution to be of the form
is given, while γ(t) is not specified and determined by the total flux Q(t), see [2] . 
.
The solution of the IBVP is used to characterize a large variety of hydrodynamical parameters of the process of filtration. One of those parameters is the Productivity Index (PI) of the well which determines the well management in reservoir egineering. It is applied to quantify the well capacity with respect to the drainage area. In the next section we will introduce the notion of "diffusive capacity" as a generalization of the definition of PI of the well and will explore its properties.
Modeling Productivity Index, Diffusive Capacity
The concept of the Productivity Index of the well is employed by reservoir engineers in estimation of the available reserves and optimizing the well recovery efficiency. It is the characteristic of reservoir-well system which relates three parameters: rate of production, average wellbore pressure and average reservoir pressure. From mathematical point of view the PI is the functional defined on the solutions of IBVP-S for the non-linear diffusive equation for the pressure. Following our previous works, along with the engineering term "Productivity Index of the well" we will also use the mathematical term "diffusive capacity". Notice that the "diffusive capacity", here defined, is not similar to the parabolic capacity (see [13, 19] and references therein).
Definition 3.1. Let p(x, t) be solution of the IBVP-S. Then the Productivity Index/Diffusive Capacity is defined as the ratio
,
is called a pressure drawdown on the well; and
In case when the well is producing at a constant rate Q(t) = Q = const, it has been observed empirically that the PI of the well stabilizes over time to a constant value (see [25] ). The resulting regime with time-invariant PI is called pseudo-steady state. We will investigate this regime both theoretically and numerically. In this section first we will prove, that there exists an initial pressure distribution such that diffusive capacity/PI defined on the solution of IBVP-S is time invariant. And second we will show that the values of the PI over solutions of IBVP-S converge to this constant PI for arbitrary initial data.
3.1. Pseudo-Steady State Regime.
Definition 3.2. Let the well production rate Q be time independent:
∫ Γi
v(x, t) · N ds = Q. The flow regime is called a pseudo-steady state (PSS) if the corresponding pressure drawdown is constant:p U (t) −p Γi (t) = const. Corresponding solution of IBVP-S is called PSS solution.
Obviously, for the PSS regime the diffusive capacity/PI is time invariant. If function p(x, t) is a solution of IBVP-S (20) - (24) with constant production rate Q and if the diffusive capacity is constant in time, then it is not difficult to see that (26) 1
where A = κ Q/|U |, and B is some constant. Indeed, integrating both parts of equation (20) and applying Green's formula, we get
On the other hand the fact that the pressure drawdown is constant, implies 1
which implies (26) . Thus the trace on the boundary Γ i of PSS solution of IBVP-S in (24) has the form
Of particular interest is the case φ(x) = 0. From physical point of view this corresponds to the constraint that the conductivity inside the well is non-comparably higher than the conductivity inside the porous media.
Let us introduce the admissible class for the pseudo-steady state regime as
we say that p(x, t) has PSS boundary profile on Γ i . Let Q be constant production rate. The function W (x) will be called the "basic PSS profile" corresponding to the flux Q and defined as a solution of steady state boundary value problem (BVP):
By the compatibility condition, the total flux on the interior boundary Γ i is identically equal to Q.
It is not difficult to see that if the initial condition of IBVP-S (20) - (24) is given by a B-shifting of the basic profile
then solution of IBVP-S can be written as
In view of (30) one can see that diffusive capacity for g-Forchheimer flow can be expressed with the following formula
Here J g,P SS is time invariant and depends on the g-polynomial, on Q, and on the geometry of the domain U . Consequently p s (x, t) in formula (30) is a pseudo steady-state solution of the IBVP-S.
The existence and uniqueness of PSS basic profile will be proved in the following subsection.
3.2.
Variational Principle and Existence of Pseudo-Steady State Solution. The existence of the PSS solution of IBVP-S follows from general theory on nonlinear elliptic equations (see [20] ) using Galerkin approximation. In this section we will sketch the proof of existence and uniqueness of the weak solution of the steady state BVP (27) -(29) using calculus of variations.
Let
(U, Γ i )} be the admissible class of functions u.
Function w ∈ A is a weak solution of BVP (27) - (29) if for any function v ∈ A (32)
Notice, that equation (27) with boundary conditions (28) and (29) serves as the Euler-Lagrange equation for the functional
For simplicity we will adopt the notation for the Lagrangian L
substituting u(x) by q and ∇u(x) by z. Let us consider the following minimization problem. Find w ∈ A such that
Proof will be based on the following general theorems (see [13] , Ch. 8, Theorems 2 and 4):
Theorem 3.4. Assume that I[u] satisfies coercivity condition and L(q, z) is convex in variable z. Then there exists at least one function u ∈ A solving the minimization problem (35).

Theorem 3.5. Assume that L verifies the growth conditions
for some constant C, and that u ∈ A solves the minimization problem (35), then u is a weak solution of BVP (27) − (29).
To prove the existence of the solution let us check the fulfillment of conditions in the above Theorems 3.4 and 3.5. First let us state lemma obtained in [2] (Theorem V.4.). (17) we have
Lemma 3.6. For any A the corresponding basic profile
Applying Young and Poincaré inequalities, one can obtain
Finally choosing ε small enough so that α = C 0 − εAC 1 > 0 and setting β = C(ε)A + 1 we get
Convexity of functional L(q, z) in variable z follows from the following
Thus according to Theorem 3.4 there exists a function w(x) ∈ A which minimizes I [u] . Next, let us check the growth conditions on L(q, z)
Estimates (39) -(41) ensure that function w(x) ∈ A is a weak solution of BVP (27) -(29). Assume there exist two weak solutions of (27) - (29):
Applying (14), (36) and Poincaré inequality we get
] −a . Thus w 1 = w 2 a.e.
Asymptotic convergence of Diffusive Capacity to PSS Diffusive Capacity.
Here we will analyze the long-term dynamics of the time dependent diffusive capacity for g-Forchheimer flow aiming to prove that it converges to the corresponding PSS value for any initial data and under some constraint on boundary data.
The time invariant PSS diffusive capacity is a functional over the PSS solution
of the IBVP for equation (20) . This solution possesses the following initial and boundary condition properties: a) the initial pressure distribution is given by
where W (x) is the basic profile satisfying BVP (27) -(29); b) no-flux condition is imposed on exterior boundary Γ e ; and c) on the well-boundary Γ i the solution trace is given by p s (x, t)| Γi = −At + B, and by compatibility condition the total flux Q(t) = Q is constant. If the initial distribution differs from W (x), the resulting diffusive capacity is a time dependent functional. In this case the solution of the corresponding IBVP can not satisfy both conditions on Γ i (see (c)). Let us introduce some "relaxations" of the conditions on the well boundary. First, we consider case of the constant flux boundary condition on Γ i
with the additional constraint that the solution trace
is spatially invariant, where γ(t) is not specified. Second, we consider case of PSS boundary profile:
Remark 3.8. Constraint (43) is imposed to insure well-posedness of the corresponding IBVP.
We will study asymptotic behavior of the PI for the solutions of equation (20) with arbitrary initial data and with the two types of boundary conditions on Γ i : a) given constant total flux (42) with constraint (43), and b) given PSS boundary profile (44). In both cases we will assume no-flux boundary condition on Γ e .
Further in this section for simplicity we will let κ = 1. 0) )dx is a shifting constant evaluated on the difference between the two initial pressure distribution averages. In the case of constant total flux Q, the constant A 0 assures that
Given the same production rate Q, the difference in productivity indices J g − J g,P SS → 0 as t → ∞ if and only if the difference between the two pressure drawdowns vanishes as t → ∞. The pressure drawdown difference can be written as
Then in order to prove convergence of the two productivity indices to each other it is sufficient to prove that z Γi → 0 as t → ∞.
From Trace theorem, Poincaré inequality and from condition (45)
Let us show that the integral on the right-hand side of (46) converges asymptotically to 0. Consequently z Γi → 0 as t → ∞. First, we prove the following auxiliary theorem. Theorem 3.9. Under the degree condition (18) there exist constants C 1 and C 2 such that for t ≥ t 0 > 0
Proof. Let p| Γi = γ(t). Taking into account that
Taking the derivative in t of both sides of equation (20), multiplying on p t and integrating over U we get 1 2
From (12) and Cauchy-Schwarz inequality we have
From weighted Poincaré inequality (19) with f = p t + A and ξ(x) = |∇p| we have
In [2] , Theorem VI.6., it was shown that for all t ≥ 0 (51)
Here constant C depends on Q, |U |, coefficients of g-polynomial and initial data. Taking into account that ∫
Thus in view of (48), (49) and (52) we have
Theorem is proved.
Convergence of the integral in the RHS of (46) follows from Theorem 3.10. Under the degree condition (18) we have
where C is as in (15) and is bounded by virtue of (36) and (51).
Applying Green formula and using boundary conditions, one has
Similarly,
Applying Poincaré inequality and (36) one has
By virtue of Theorem 3.9
Next,
From [2] , Th. VII.6.,
where L > 0. From (56) and Theorem 3.9 one can get (57)
Then (53) follows from (54), (55) and (57). Now let us prove the main result.
Theorem 3.11. Under the degree condition (18) the time-dependent diffusive capacity J g (t) stabilizes asymptotically to the PSS diffusive capacity J g,P SS
J g (t) → J g,P SS as t → ∞.
Proof. We have
By Holder inequality and Trace theorem (46)
The result follows from Theorem 3.10. (20) - (22) with PSS boundary profile on Γ i , i.e. p(x, t)| Γi = −At + B, A = Q s /|U | and let Q(t) be total flux and J g (t) be corresponding diffusive capacity.
Case of PSS boundary profile. Similar to the previous case, let p s (x, t) = −At+B +W (x), A = Q s /|U |, be a PSS solution of IBVP-S, with initial distribution p s (x, 0) = W (x), where W (x) is basic profile satisfying (27) -(29) and J g,P SS be corresponding diffusive capacity. Let p(x, t) be a solution of IBVP
Let z(x, t) = p(x, t) − p s (x, t).
In order to prove that J g (t) − J g,P SS → 0 as t → ∞ we will first prove the convergence of corresponding fluxes Q(t) → Q s .
Lemma 3.12. Under the degree condition (18) one has
Q(t) → Q s as t → ∞.
Proof. Integrating both sides of equation (20) we get formula for total flux
The proof that the RHS converges to 0 is similar to the proof of Theorem 3.9.
On the boundary (p t + A)| Γi = 0, therefore similar to (49)
Once again, from weighted Poincaré inequality (19) follows
For the RHS we will apply the estimate from [17] , Prop. 3.17.
Here constant C depends on Q s , |U | and initial data. Consequently
From (58) and (62) the assertion of the Lemma follows.
Theorem 3.13. Under the degree condition (18) one has
Proof. Let us shift the functions p(x, t) and p s (x, t) by a constant so that
Note that the fluxes Q(t) and Q s and the productivity indices J g (t) and J g,P SS will remain the same. Then, applying (56), we have
where L > 0 depends on initial data. The assertion of the Theorem follows from Lemma 3.12 and equality
Properties of PSS Diffusive Capacity
In this section the important applied properties of PSS Diffusive Capacity will be studied. First, an estimation of the PI of the well with respect to perturbation in flux Q will be obtained. Second, the impact of order of nonlinearity and of coefficients of g-polynomial on the value of diffusive capacity will be investigated. Analytical formula for PSS PI in case of radial g-Forchheimer flows will be derived. 
Proof. From definition of PI
Applying estimate
with M as in (64) (see [2] , Eq. (84)), we get (65)
Dividing both sides of (65) by J 1 one gets (63). 
Estimates of the Differences Between PSS Diffusive Capacities For
In this case the diffusive capacity can be calculated as
Note that because of linearity of the flow J D does not depend on Q. Due to linearity of equation (66) 
is the solution of (66) -(67) corresponding to a 0 = 1.
As usual W (x) is a basic profile corresponding to g-Forchheimer equation and J g,P SS is corresponding diffusive capacity.
Along with the standard definition of g-polynomial the following notation will be used:
Proof. Multiplying equation (27) by W 1 D (x) and equation (66) with a 0 = 1 by W (x), integrating by parts and subtracting obtained integral identities from each other one can get:
From (6) and (7) we have (
In view of (6), (7) and (69) we have
Dividing both sides on ∫ U W (x)dx one can obtain (70).
Proof. From (74) one has
From the Definition 2.1 of GPPC function and condition α i ≥ 1 it follows that either α i > 1 for i = 1, 2, . . . , k or α 1 = 1 and
where M 0 is defined as in (76). Remark 4.5. In general case parameter M in (71) depends on coefficients of the g-polynomial implicitly, and Prop. 4.3 provides only rough estimate of M . However for polynomial of the order less then 3 it can be estimated accurately in explicit form. It can be performed numerically for any particular set of the coefficients. For some particular cases one can obtain accurate estimates for M analytically. Some results of these kind are presented below for cases k = 1, α 1 = 1 which corresponds to two term Forchheimer law, k = 2, α 1 = 1, and α 2 = 2, which corresponds to three term Forchheimer law and k = 3, α 1 = 1, α 2 = 2, α 3 = 3.
Example 4.6. Case k = 1 (two-term Forchheimer law):
Example 4.7. Case k = 2 (three-term Forchheimer law):
where q and r are the positive roots of equations 
Proof. In view of (6) we have
Substituting the expression above in (31) we get (77).
We will say that the velocity vector fieldv Q (x) is uniform with respect to a given total flux Q if at any point x of the reservoir Ū v Q (x) = Qv 1 (x).
In case of uniform flow Proposition 4.10 can be reformulated. Proposition 4.11. Let the vector field be uniform with respect to the total flux, then
In case of radial flows formula (77) can be written explicitly in terms of geometrical parameters of the reservoir. Namely, let r e and r w be the radius of the reservoir and of the well. The velocity field has the form
Plugging (78) above in (77) one can get
where ] ,
dr.
In ( In case r e ≫ r w formula (81) can be obtained from (82) with
Peaceman Numerical PI for Nonlinear Flows
In this section we examine the grid pressure distribution obtained in the numerical simulation of non-linear flows, exploiting the developed framework for generalized Forchheimer equation. The first research in this area was done by Peaceman in [23] for linear Darcy's flows in Cartesian grid and for finite difference. Using our approach we were capable to extend his idea to non-linear flows in non-structured grid and for finite element method. In particular we numerically observed that the well-block pressure is essentially equal to the actual flowing pressure at a radius of 0.5731 ∆x, where ∆x is the well-block size. This allows accurately reconstruct the flowing pressure around the well bore, and evaluate the PI of the well by solving an auxiliary problem with reduced degrees of freedom. Similar problem was studied for the two term law in [14] .
For the well-block simulation the well and its surrounding area are replaced by a square well-block of size ∆x. This defines two regions: the well-block region U 1 and the remaining part U 2 = U \ U 1 (see Figure 1) . The following auxiliary BVP
In solving the auxiliary problem (83) -(85) the well-block is discretized with 4 triangles obtained by the intersection of the diagonals and the edges of the square.
The solution V (x) of BVP (83) - (85) is compared to the solution W (x) of BVP (27) - (29) with prescribed total flux Q. In order to assure uniqueness of the solutions, the value of the pressure is set to be equal to zero at some point on the exterior boundary Γ e for both BVPs.
Clearly W and V are different, however we will describe a numerical method to relate V from W (forward procedure), and vice-versa (backward procedure).
In perfect axial-symmetric conditions the velocity around the well is radial only, and if Q is the total flux for some radius r then
On the other hand for PSS the generalized Forchheimer equation states that
Combining the two equations above and Eq. (10) , and integrating in r we get the following pressure profile
where W 0 is some reference pressure measured at the radius r 0 . Equation (86) is the generalization to the non-linear case of the linear case formula introduced by Peaceman in [23] , and it holds for all GPPC polynomials. Forward procedure: In Eq. (86) we set the reference pressure W 0 to be equal to the flowing pressure W (r w ) on the well, where r 0 = r w is the radius of the well. Define the well-block pressure, V 1 , as the average value of the pressure on the perimeter of the well-block. We are interested in finding the value r 1 for which W (r 1 ) equals the block pressure value V 1 . In the linear case r 1 in (86) can be found analytically
] .
However in all non-linear cases finding r 1 requires few steps of Newton's iterative method, starting from the linear value. We have observed numerically, for both linear and nonlinear cases, that the wellblock pressure V 1 corresponds to the value of the actual flowing pressure evaluated at c∆x, where c is constant and independent not only of well-block size ∆x and of the considered geometry (as had already been observed by Peaceman), but also of 
This last value corresponds to the value introduced by van Pollen in [24] , and it is close to our numerically evaluated value. The fact that c is invariant can be used in a backward procedure. Namely, we can acquire the value of the actual flowing pressure W (r) around the well by solving the auxiliary BVP (83) -(85) only. In (86) we take the well-block pressure V 1 to be the reference pressure W 0 and r 0 = c∆x.
The described algorithm has been used to evaluate the well productivity index of the well in two types of geometries, using different orders of nonlinearity, different sets of coefficients a i and α i , and different values of fluxes Q. In the Tables 1 -4 The values of PI were obtained for different g-polynomials: α 0 = 0; α 1 = 1; α 2 = 2; α 3 = 3; "power law" with: a 0 = 10; a 1 = 2.4; α 0 = 0; α 1 = 1.8. As one can see the PI of the well can be evaluated almost exactly when using the auxiliary problem (83) -(85) together with the numerical value of c, while a slightly difference appears if the geometrical value is used. The value of the PI is practically invariant with respect to the block well size considered.
Numerical results
In this section the values of the diffusive capacity in standard reservoir/well geometries (see Table 5 ) are numerically evaluated and compared .
All the simulations have been performed using Comsol Multiphysics 3.2. Time step and grid size have been refined until convergence in time and space has been reached. In all the calculations the diffusive capacity/PI index is dimensionless.
The hydrodynamical parameters are: compressibility 1/κ = 1/15000atm −1 ; according to definition of (GPPC) we consider different g-polynomials: Tables 6 and 7 report the numerical values of the well Productivity Index for PSS regime for different non-linearities, different values of total flux Q and for different shapes of the reservoirs for 2D and 3D geometries respectively. It can be seen that the higher is the order of nonlinearity of g-polynomial the smaller is the value of PI.
On example of the cylindrical reservoir with a fully penetrated vertical well located at the center we present numerical study of the behavior of transient diffusive capacity depending on the non-linearity of g-polynomial.
The time evolution of transient PI is reported in Fig.2 . Here total flux is constant Q = 10. The curve above represents the values of PI in linear Darcy case, the curve below represents the PI for the 2-term Forchheimer law. As expected the linear PI is always distinctly greater than non-linear PI, and each of them stabilizes in time to corresponding PSS PI values. 
Conclusions
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